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Effect of correlated flights on particle mobilities during single-file diffusion
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When large adsorbates diffuse in the pores of zeolites and molecular sieves, they can undergo single-file
diffusion. The mean-square displacement of particles during single-file diffusion,^x2(t)&, is proportional to
t1/2. By contrast, in the absence of other particles, an isolated adsorbate will perform normal diffusion with a
tracer diffusion coefficientD0. An important goal of theoretical treatments of single-file diffusion is to relate
D0 and the single-file mobility,F5^x2(t)&/2t1/2. One physical feature that is ubiquitous in activated diffusion
in periodic potentials, such as the diffusion of adsorbates in zeolites, is the appearance at sufficiently high
temperatures of correlated flights that pass through multiple binding sites. We show that when isolated particles
can perform multisite flights, the expression usually used to relateD0 andF is not exact, and we investigate
methods that can lead to more accurate expressions. We discuss how the existence of long flights affects
equilibrium adsorbate structures and comment on the implications of our results for the interpretation of
experimental measurements of single-file diffusion.@S1063-651X~97!01206-3#

PACS number~s!: 05.60.1w, 66.30.2h, 81.05.Rm
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The mechanisms and rates of molecular transport thro
the pores of zeolites and molecular sieves are critical fac
in determining the effectiveness of the wide range of te
nologies that utilize these microporous materials@1,2#. One
important scenario for molecular transport in zeolites occ
when molecular adsorbates are sufficiently large that t
cannot pass one another inside a pore. Diffusion in
strongly hindered regime is known as single-file diffusio
The best known feature of single-file diffusion is that t
mean-square displacement of individual particles dur
single-file diffusion is proportional to the square root of tim
@3,4#, in contrast to the linear dependence on time dur
diffusion when particles can pass one another@4#. Although
theoretical aspects of single-file diffusion were first d
scribed many years ago@5#, experimental observations o
this phenomenon have only been reported recently@3,6#.

The main quantitative model that has been applied to
terpret experimental measurements of single-file diffusion
a hard-sphere model@3#. This model provides a direct con
nection between the diffusion of an isolated molecule and
mobility of particles during single-file diffusion@3#. One use-
ful realization of this model is a lattice-gas~LG! description
in which a one-dimensional zeolite pore is modeled a
series of discrete binding sites. The particles which repre
adsorbed molecules are assumed to bind only in these
crete binding sites and particles are allowed to move by h
ping between adjacent sites. This model has been used
number of studies that seek to understand the interplay
tween single-file diffusion and the effectiveness of cataly
reactions@7,8#. If only a single particle is present in a por
its motion is unhindered and the usual Einstein relation
scribes the particle’s mean-squared displacem
^x2(t)&52D0t. HereD05na2/2, wheren is the hopping fre-
quency anda is the lattice spacing. For convenience, we u
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units withn5a51, soD051/2. When multiple particles are
present in a pore, it is assumed that only one particle
occupy any particular binding site and that any attemp
hop that would move a particle into an occupied site fa
The particles then undergo single-file diffusion. At tim
longer than the typical interparticle collision time, the di
placement of each particle satisfies

^x2~ t !&52FAt, ~1!

whereF is known as the single-file mobility. For this mode
the single-file mobilityF and the isolated particle diffusion
coefficientD0 are related by@3#

F5
~12u!

u
AD0

p
, ~2!

whereu is the fractional occupancy of the lattice. Thus,
this model is valid,D0 can be deduced from experiment
measurements ofF(u) @3#. Note that whileF diverges as
u→0, the time scale on which Eq.~1! is valid also diverges
in this limit because the typical collision time becomes in
nite.

The aim of this paper is to discuss the accuracy of Eq.~2!
when a more realistic description of the motion of individu
particles is used. The application of Eq.~2! to NMR mea-
surements ofF(u) @3# has yielded molecular diffusivities
that are very large compared to previous measurement
intercrystalline diffusion in zeolites@3#. Because these result
are somewhat surprising and the model from which Eq.~2! is
derived is at best a highly simplified description of the m
tion of molecular adsorbates in a zeolite pore, it is usefu
investigate the accuracy of Eq.~2! when more accurate de
scriptions of the particle dynamics are used. In this paper,
focus on understanding the effects of multisite flights on
loading dependence of single-file mobilities. Our main res
is that Eq. ~2! is not exact when single-particle transpo
includes multisite flights, indicating that Eq.~2! is not as
general as had previously been assumed@3#.
y,
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The LG model defined above assumes that particle tra
port only occurs by particles hopping between adjacent b
ing sites. While this is certainly an accurate description
molecular diffusion in zeolite pores at sufficiently low tem
peratures@4,9#, at temperatures where thermal energies
comparable to or larger than the energy barrier to hopp
particles can frequently traverse multiple binding sites in
correlated fashion before they become localized in a bind
site. This type of behavior has been observed in a wide
riety of physical systems, including diffusion in zeolite
@9,10# and atomic and molecular diffusion on crystal surfac
@11–13#. To examine the implications of multisite flights fo
single-file diffusion in a general manner, we consider an
tended LG model in which in each unit of time each parti
attempts a flight coveringn sites where the flight length i
chosen randomly from a normalized flight distributionf n .
We assume that a flight terminates if the moving parti
encounters an occupied site. This extended model reduc
the original LG model iff 151 and f i50 for i.1. For the
extended model, the single-particle diffusion coefficient
an isolated particle is@13#

D05
1

2(n n2f n . ~3!

We have measured the loading-dependent, single-file
bilities of the extended LG model by performing Mon
Carlo ~MC! simulations of the model and defining

FMC5 lim
t→`

^x2~ t !&

2At
. ~4!

The results presented below are typically calculated by a
aging over 300 independent runs, each containing 300
ticles with periodic boundary conditions. In each case,
began the simulations with random distributions of partic
and equilibrated the system for 125 units of time before
ginning the measurement of^x2(t)&. We have verified that
our results are insensitive to these numerical details. If
~2! is exact, we can rearrange it to predict the single-part
diffusion coefficient from our measurements ofFMC :

Dpredicted5p
u2FMC

2

~12u!2
. ~5!

FIG. 1. Loading dependence ofDpredicted/D0 measured from
MC simulations of the extended LG model. ‘‘Ballistic’’ flight dis
tributions withl5 5 and 10 were used.
s-
-
f

e
g,
a
g
a-

s

-

e
to

r

o-

r-
r-
e
s
-

q.
le

We have verified thatDpredicted51/2 if only nearest-neighbo
hops are allowed. We can assess the general validity of
~2! by comparing the results obtained using Eqs.~3! and~5!.

Some measured values ofDpredicted/D0 for versions of the
extended LG model that included long flights are shown
Fig. 1. In this figure, the flight distribution was taken to b
the ‘‘ballistic’’ distribution @13# f n5Aexp(2n/l), whereA is
a normalization constant defined by truncating the distri
tion atn550 andl is a mean free path. It is clear from Fig
1 that Eq.~2! is not exact. At all nonzero loadings, the pr
dicted diffusion coefficient based on Eq.~2! is less than the
actual isolated particle diffusion coefficient. These resu
suggest that the task of accurately inferringD0 from mea-
surements ofF(u) may be more complicated than was pr
viously assumed@3#. Figure 1 shows thatDpredicteddoes ap-
proach the correct value forD0 asu→0. However, this limit
is very difficult to examine experimentally@3# becauseF is a
very rapidly varying function ofu in this regime, so small
errors in the measurement ofu can lead to significant error
in the estimation ofD0.

Heuristically, the inexactness of Eq.~2! for the extended
LG model arises because flights of differing lengths are
equally affected by particle collisions. To quantitatively u
derstand the loading-dependent mobilities observed in
extended LG model, it is important to describe what types
flights actually take place. The distribution of success
flights is determined by the equilibrium distribution of pa

FIG. 2. Loading dependence ofP1 /u measured from the sam
MC simulations as in Fig. 1.

FIG. 3. Single-file mobilities measured from the same M
simulations as in Fig. 1~filled symbols! and the single-file mobili-
ties calculated from Eq.~8! ~curves!.
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ticle spacings on the lattice. If only nearest-neighbor ho
are allowed, there are no spatial correlations between
ticles when the system is at equilibrium@14#. For example,
the conditional probability that a site adjacent to an occup
site is also occupied,P1, is simply u. However, if multisite
hops can take place, the equilibrium configuration is m
complicated. This fact is illustrated in Fig. 2, which show
the measured values ofP1 /u from the simulations describe
above. As indicated by Fig. 2, the presence of multisite h
increases the probability of finding particles close to o
another relative to uncorrelated systems. These correlat
appear because all flights that terminate due to the pres
of another particle result in the creation of a pair of partic
on adjacent sites and they are particularly marked at
loadings. More generally, multisite hops increase the pr
ability of observing clusters of particles. This type of ph
nomenon has also been observed in simple models of h
disk gases in which particles are allowed to colli
inelastically @15–17#. The equilibrium distribution of par-
ticles in LG models is in general the steady-state solution
an infinite hierarchy of rate equations@14,18#, which can
only be found analytically in exceptional circumstanc
~such as a LG model with only nearest-neighbor hops@14#!.
It appears that the equilibrium state of the LG model w
multisite hops can only be found from simulations such
those we have described above.

Despite the complicated equilibrium structures that
caused by multisite flights, if the actual flight distributio
that occurs at a given loading is known, it is possible
predict the single-file mobility quite accurately using a ge
eralization of Eq.~2!. We definegn to be the normalized
flight-length distribution of hops that move particles at le
one site. It is important to realize thatgn is a complicated
function of the loading-dependent equilibrium structure a
the free-particle flight distributionf n . For example, ifPn is
the probability that the closest occupied site to a particle
its direction of motion isn sites away,

g15 f 11
P2

12P1
(
n.1

f n . ~6!

We can directly measuregn from our MC simulations. We
now define an effective diffusion coefficientDeff , which is
the single-particle diffusion coefficient of an isolated partic
with flight distributiongn @cf. Eq. ~3!#,

Deff5
1

2 (
n

n2gn , ~7!

and use this quantity in an expression analogous to Eq.~2!,
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Feff5
~12u!

u
ADeff

p
. ~8!

The results of this expression are compared with our dir
measurements ofFMC(u) in Fig. 3. It can be seen from Fig
3 that while Eq.~8! is not exact, it yields an accurate es
mate of the single-file mobility at all loadings. In the e
amples we have examined, Eq.~8! typically underestimates
F by 5–10 %. By contrast, ifF is predicted by using Eqs.~2!
and~3!, the mobility is overestimated by as much as a fac
of 3 at the highest coverages shown in Fig. 3. This type
overestimation has also been observed in MD simulation
single-file diffusion in AlPO4-5 at temperatures where lon
flights are likely to occur@4#. Unfortunately, Eq.~8! can only
be used predictively if the observed flight distributiongn is
known. While it is straightforward to calculategn if the par-
ticles are randomly distributed, the nonrandom distribut
of particles in the presence of multisite hops causes the
gn to deviate significantly from that expected for a rando
adsorbate distribution.

The extended LG model we have examined includes o
a very simplistic description of the role of multisite hops
single-file diffusion. For example, it ignores any effects d
to momentum transfer between particles as flights are te
nated. Nevertheless, the model clearly demonstrates tha
usual expression that has been used to relateF(u) andD0
@3# is not exact. Our results indicate two possible metho
that could be used to exclude the effects of multisite flig
and allow a direct quantitative connection to be made
tween experimental measurements ofF(u) @3,6# and the dif-
fusivity of an isolated adsorbate:~i! measureF in the regime
where u→0 or ~ii ! measureF at temperatures where th
existence of multisite hops can be ruled out. Unfortunate
both of these suggestions lead to other significant difficult
As mentioned above, the sensitivity ofF to u at low loadings
makes accurate measurements very difficult asu→0, so sug-
gestion~i! seems impractical. The difficulty associated wi
suggestion~ii ! is perhaps even more important: at low tem
peratures the effect of attractive interactions between ad
bates, which is entirely ignored in the LG models discuss
above, must be accounted for. We have recently studied
diffusion mechanisms of clusters of adsorbates in sev
systems exhibiting single-file diffusion and have found th
in many cases attractive adsorbate interactions play a do
nant role at low temperatures@19#. Until quantitative theories
that account for the roles of adsorbate interactions and m
tisite hops are developed, the task of accurately extrac
the diffusivity of isolated particles from experimental me
surements of single-file mobilities should be approach
with caution.
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